Name:

Year 12 2023/2024 Mathematics Extension 1
Assessment Task 1

Investigative Assignment with Validation Task

Due Date: Wednesday

. i i M 0
Task number: 1 Weighting: 20% 6/12/23

Outcomes assessed:

ME11-3 applies concepts and techniques of inverse trigonometric functions and simplifying
expressions involving compound angles in the solution of problems

MEI11-4 applies understanding of the concept of a derivative in the solution of problems,
including rates of change, exponential growth and decay and related rates of change

MEI12-1 applies techniques involving proof or calculus to model and solve problems

ME12-7 evaluates and justifies conclusions, communicating a position clearly in appropriate
mathematical forms

Nature and description of the task:

As a result of completing this Investigative Assignment, students should be familiar with inverse
trigonometric functions and their graphs, simplifying trigonometric functions using sum and
difference angle properties, double angle properties and t results. They should be familiar with
problems involving rates of change, exponential growth and decay and related rates of change. They

will also be able to apply the principles of mathematical induction to prove a variety of problems.

On the 6™ December, 2023 you will receive a selection of similar questions from the Preparation
Activity below to complete in a 1 hour in-class Validation Task. You are expected to
investigate/attempt each of these questions before the in-class Validation Task. The final mark for
this assessment will be the mark you receive on the in-class Validation task. NOTE: You will not

have access to the Preparation Activity during the Validation Task.

Non-Completion of Task:

If you know you are going to be away on the day of the Validation Task and are unable to hand in /
complete both parts of the Assignment on the due day, then you must have supportive
documentation. Zero marks will apply if the Assessment Task is submitted/completed late, unless an
1lIness/ Misadventure or Application for Extension form has been submitted.




Part 1 Preparation Activity — investigate/attempt each of the following questions in
preparation for the in-class Validation Task.

Further Rates:

1 The side lengths of a square are increasing at 3 mm per hour.
a Find the rate at which the area is increasing when the side length is 10cm.
b Find the rate at which the diagonal is increasing when the area is 64 cm’.
2 Coal is pouring from a high conveyor belt onto a conical pile. The conical pile has a semi-vertical angle
of 30°, and at time ¢ the radius of the base is r.
a Find the height of the cone in terms of r, and hence show that the volume V of the cone is
xr3V3
3

V= . (See Box 2 for the various formulae.)

b Differentiate to express ‘:;—V in terms of g
t t

¢ Find the slant height £ in terms of r, and hence show that the area A of the curved surface of the cone
is A = 2ar’. (See Box 2)

d Differentiate to express A interms of 2.
di di

e Hence show that a2 ﬂ
dt rv3 dt

f If the coal is pouring onto the pile at a rate of Sm/s, find the rate at which the radius and area are
increasing when the radius is 4 metres.

3 Mice are multiplying in Mosman. Their population M was estimated to be 80000 at the start of 2010
and 130000 at the start of 2015, Assume an exponential growth model,

# = kM, where k is a constant and 1 is time in years after 2010.

dt

a Show that M = 80000¢" satisfies the differential equation, and has initial value 80 000,
b Find k, and predict the population at the start of 2028, correct to the nearest 1000,

¢ Predict in what year the population will first exceed 1000000,

4 Caesium-137 has a half-life of about 30.2 years, meaning that half its mass decays into something else in
30.2 years. It was deposited in very tiny, but highly toxic, glass-like grains around Fukushima in Japan
as a result of the nuclear power-plant disaster there on 11th March 2010. Radioactive decay follows the
exponential decay model g —kM, where M is the mass remaining after time ¢ years from an initial
mass M.

a Prove that M = M e™" satisfies the differential equation and has initial mass M,
b Use the half-life given above to calculate k.
¢ Find what percentage of the original caesium-137 remains after 100 years, correct to the
nearest 0.01%.
d How long will it take for the mass of caesium-137 to decrease to 1% of its original level, correct to

the nearest year?



5 A steel bar is taken out of a fire that has a temperature of 500°C. Newton’s law of cooling tells us that
the temperature T after t minutes satisfies the differential equation

dT = k(T — E), where kis a constant and E is room temperature.

dt
a Explain why the constant k is negative.
b Show that T = E + Ae" satisfies the differential equation, and that A = 500 — E.
¢ After 6 minutes, the bar has cooled to 250°C.
i If room temperature is 0°C, find A and k, and find the temperature after 15 minutes, correct to
the nearest degree.
ii If room temperature is 40°C, find A and k, and find the temperature after 15 minutes, correct to
the nearest degree.

6 Goats have been introduced for the second time onto Goat Island, and their population P is growing. It is
known from earlier years that their population is limited by lack of resources to an estimated maximum
of M = 10000. Their numbers are therefore being modelled by the differential equation

% = —k(P — M), where kis a constant and ¢ is time in years.
a Explain why the constant k is positive,
b Show that P = M — Ae™" satisfies the differential equation, has initial value M — A, and has
limit 10000,
¢ The population at the start of 2010 was 500, and at the start of 2020 is 2000,
i Find A and k.
ii  What is the predicted population, correct to the nearest 10 goats, at the start of 20307
iii In what year is the population predicted to reach 8000?

Box 2 — Possible Formulae:

2 VOLUME AND SURFACE AREA OF SOLIDS

A sphere: A cylinder: A cone: A pyramid:
V= Zar’ V = ar’h V=i V = I x base X height
A = 4nr? A =2xr* + 2rrh A=gar*+ arf A = sum of faces

In the formula for the surface area of a cone, £ is the slant height.



Further Trigonometry:

1 The function f(x) = 5x + 1isdefined for—4 < x < 6.
Find the range of f(x).

Find the equation of f~' (x).

State the domain and range of f ™' (x).

Sketch the graphs of f(x) and f~!(x) on the same diagram.
About which line are the two graphs symmetrical?

o Qo oW

2 Consider the function F(x) = In (x + 1).

State the domain and range of F (x).

Find the equation of F~'(x).

State the domain and range of F~' (x).

Sketch F(x) and F~' (x) on the same diagram.

Classify F(x) and F~'(x) as increasing, decreasing or neither.

o Qo O oo

3 Consider the function Q(x) = (x — 2)%
a Sketch the graph of Q(x).
b What is the largest domain containing x = 0 for which Q(x) has an inverse function?
¢ Find the equation of Q ™' (x) corresponding to the restricted domain of Q (x) in part b,
d Sketch Q(x), with its restricted domain, and Q™' (x) on the same diagram,

4 Write down the exact value of:

a sin”'l b cus"? ¢ tan”'V3
d tan~'(-1) e cn:-'.'l(—%) f "i“-l(_]f)
5 Find the exact value of:
a cos (cos'l) b sin (tan"'l) C cos (tan ‘](—ﬁ})
d tan"(—!anﬁ) e c{'.-s"’(cns 4—-;") f tan'](—zsin 3-1"—)

6 Use a right-angled triangle to find the exact value of:

a sin (cos“'%) b cos (tan"l(—

7 Sketch the graph of each function, stating the domain and range.

%y

)

a y=—tan"'x b y=sin"'(x + 1) c y=cos'(x-1)-=x

8 Simplify, using the compound-angle results:
a cos 36 cos @ + sin 36 sin @ b sin 50° cos 10° — cos 50° sin 107
tan 417 + tan 9°
1 tan 41° tan 9°
e sin 4a cos 2a + cos 4a sin 2a

d cos 15° cos 55° — sin 15° sin 55°
I + tan 28 tan &

tan 260 — tan 8
9 Simplify, using the double-angle results:
a 2sin 24 cos 260 b cos’ix — sin’ix ¢ 2cos’3a - 1
2tan 35 e 1 — 2sin?25° f 2 tan 4x

] — tan*35° 1 — tan’4x
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1

12

13

14

15

16

17

18

Given that the angles A and B are acute, and that sin A = %am:l cos B = |5—3 find:

a cosA b cos 24 c cos (A + B)
d sin 2B e tan 24 f tan (B — A)

a By writing 75° as 45° + 30°, show that:

V3 + 1 = s V3 -1

B — N cos?S = ———
2v/2 242

b Hence show that:

i sin75° =

I sin75°cos 75° =} i sin 75° — cos 75° = sin 45°
jii sin?75° — cos®*75° = sin 60° iv sin” 75° + cos”75° = 1
Use the compound-angle and double-angle results to find the exact value of:

a 2sin 15° cos 15° b cos 35° cos 5° + sin 357 sin 5°
tan 110° + tan 25°

- - d 1 - 2sin°§

1 — tan 110" tan 25

e Kol oo Br oo 2 . B 2
e cos {5sin 5 f sin Fcos F — cos Fsin F
Prove each identity.
a (sina —cosa) =1 — sin2a b cos A — sin 24sin A = cos A cos 24
c sin2f(tan @ + cot @) = 2 d cot asin 2a — cos 2a = 1

M = [ﬂn X f w = CO0S zﬂ

1 + cos 2x 1 + tan’@

| |

g = tan 24 h tan 2A(cot A — tan A) = 2,

| —tanA |+ tan A
(provided cot A # tan A)

An office-worker is looking out a window W of a building standing on level
ground. From W, a car C has an angle of depression a, while a balloon B directly
above the car has an angle of elevation 2a. The height of the balloon above the
car is x, and the height of the window above the ground is h.
tan @ _ tan 2a

T x-h

e
b Hence show that s w.
3 - tana

a Show that

-

a Ife =tan"'fand § = tan™'}, show thattan (a + f) = 1.

b Hence find the exact value of tan™'§ + tan™'}.

Show without a calculator that:

o=l ] ao=11 . _ =11 _ .,
a sin” oz + sin == § b tan™ 5 — tan” 7 = tan™ §

Show without a calculator that:
a 2sin”'$ = sin”!42 b chs"(jg) = cos™'(~3)

Solve each equation for 0 € x < 2m.
a sin2x + cosx =0 b cos 2x = sinx
C 2cos2x + Becosx +5=0 d tan 2x = 3tan x
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24

Write in terms of ¢, where t = tan 1}9:

a sing b cos @ C tan @
d secd e 1 +cosé f _sinf
I + cos d
Use the r = tan 1@ results to find the exact value of:
2tan 674 p _2tan 67 r I — tan’671
Y - urer 3 I + tan®674 T+ w6l :

Prove each identity using the t = tan $6 results.
a sin @ tan ,_l;g + cosh =1 b cosecd — cot@ = tan %ﬂ
cos 2a — sin 2a + 1 _

¢ sin 2a(tan 2a — tan @) = tan 2atan a - =
cos 2a + sin 2a — |

col a

o 2t
a If: = tan 75°, show that = ——m,
== .,.1 #

b i Hence show that tan 75° = 2 + V3.
ii  What does the other root of the equation represent?

Use the products-to-sums identities to express as a sum or difference of two trigonometric functions:

a 2cos 2Acos A b 2cos 5Asin 3A

¢ 2sin (3A + 2B)cos (2A — B) d 2sin (2A + 5B)sin (A + 3B)

Use the products-to-sums identities to show that:

a 2cos 58° cos 32° = cos 26° b 2cos 45 sin 35° = cos 10° — sin 10°
¢ 2sin 70° sin 50° = § + cos 20° d 2sin 55° cos 40° = sin 15 + cos 5°

Prove these identities using products-to-sums formulae.
a 4cos 5acos 2asin @ = sin 8a — sin 6 + sin 4a — sin 2a
b 4sin 58cos 3¢sin @ = cos @ — cos 360 + cos 78 — cos 99

Products to Sums Formulae:

14 PRODUCTS TO SUMS

2sinAcos B = sin (A + B) + sin (A — B)
2cosAsinB = sin (A + B) — sin (A — B)
2cos Acos B = cos (A + B) + cos (A — B)
—2sinAsinB = cos (A + B) — cos (A — B)



Mathematical Induction:

1 Prove by mathematical induction that for all positive integer values of n:
al+5+9+:+4+(4n—-3) =n2n-1)
b 14 7+7+ - +7'=}7-1)
C IXS5+2%xX6+3XT+ ~+nn+4) =itnn+1)2n+ 13)
d 1 1 1 | n

- - + -+ =
2x3 Ix4 4S5 n+ 1)(n+2) 2(n + 2)
| 2 3 n n+ 2
i L i el Mo Wl i,

32+22+2s+ +2" o

2 Prove these results by mathematical induction:
a 7"""!' + Sisdivisible by 12, for all integersn > 1,

b 2* 4+ 6n — 1 is divisible by 9, for all integers n > 0,
c 2™** + 5%~ !is divisible by 21, for all integers n > 1,
d '+ (n+ IJI3 + (n + 2)3 is divisible by 9, for all integers n > 0.
3 a Copy and complete the table of values to n 0 1 ’

the right. Then make a conjecture about the
largest number that 2% — 3" is divisible by, 2"~ 3"
for all whole numbers n > 0.

b Prove your conjecture by mathematical induction.
4 Prove by mathematical induction that for all positive integer values of n:

a Xrxr=(n+1)! -1 p XL = :
re=1 r=1

-1
rl n!

What is the limiting sum of the series in part b?
5 Provethat 1> + 4* + 7 + -+ + (3n = 2)* = in(6n* — 3n — 1), forall integersn > 1.
(Hint: Use the factorisation 6k + 15k + 11k + 2 = (k + 1) (6k* + 9% + 2).)

6 Provethat1® 4+ 3* 4+ 5 + ... 4+ (2n = 1)) = n?(2n* = 1), for all integers n > 1.

(Hint: Use the factorisation 2k* + 8k* + 11k* + 6k + 1 = (k + 1P (2k* + 4k + 1))



Mathematics Advanced
Mathematics Extension 1

Mathematics Extension 2

REFERENCE SHEET

Measurement
Length

= ix 2nr
360

Area

Financial Mathematics

A=P(1+r)”

Sequences and series

Tn=a+(n—'l]a'

S =%[2a+ (n —])d] :%(a +1)

Surface area T = ar™™!
_ 2
A=2nr"+ 2nrh a[]—r”) a(r“—])
Volume
] §=—"—|r|<1
V=—Ah r
3
V= im‘S
Functions Logarithmic and Exponential Functions
_ =bENb® —dac log,a*=x= %%
- 2a
log, x
3 5 log x =
For ax’ + bx” +cx +d = 0: log,a
b
a+ﬁ+}'——z ax:t?xlna
C
af +ay+ Py = =
and affy = —%

Relations
(x — h)z + (y — k)z =r?



Trigonometric Functions

SinA=m, cosA:a—dJ, LanA:ﬂ
hyp hyp adj
1
A =—absinC o
2 34 |
a b c
= — 4_50
sinA _ sinB _ sinC 41E
c?=a*+b* - 2abcosC
2,42 2
cosC = T Sop
2ab
2 V3
[=r0
A= %rza 60°
1

Trigonometric identities

secA = ,cosA =0
cosA
cosecA = _1 ,sinA#0
sin A
COtA = COSA, sinA #0

sinA

cos’x + sin’x = 1

Compound angles

sin(A + B) = sinAcos B + cos Asin B

cos(A + B) = cosAcos B — sinAsin B

lan(A+B)= tanA + tan B
l—tanAtan B
If r:tani then sinA = 2
2 1+1¢2
12
COSA = !
1+
tanA = 2
| —¢2

1
cosAcos B = E[COS(A — B) +cos(A + B)]

sinAsin B = %[COS(A —B) —cos(A + B)]
sinAcosB = %[sin(A + B) +sin(A — B)]

cos AsinB = %[Sin(A + B) —sin(A — B)]

sin®nx = %(1 — cos 2nx)

1
cos’nx = E(] + cos 2nx)

Statistical Analysis

X— U An outlier is a score
T less than O, — 1.5 X IOR
or

more than Q, + 1.5 X IOR

Normal distribution
\

-3 -2 -1 0 ]
* approximately 68% of scores have
z-scores between —1 and 1
* approximately 95% of scores have
zZ-scores between —2 and 2
* approximately 99.7% of scores have
z-scores between —3 and 3

E(X)=u

Var(X) = E[(X —p)*| = E(X?) — 1

Probability
P(ANB)=P(A)P(B)
P(AUB)=P(A)+ P(B)—P(ANB)
P(ANB)

P(B)

Continuous random variables

P(A|B) = ,P(B)#0

X

P(X <x) =J S(x)dx

a

b

Pla<X<b)= J’ Sf(x)dx

a

Binomial distribution
PX=r)= ”Crp'{l -p)7
X ~ Bin(n, p)

= P(X=x)

= (;]px(l—p)”_x, x=0,1,...,n

E(X)=np
Var(X) = np(1-p)



Differential Calculus

Function

y=f(x)"

y = g(u) where u= f(x)

y =sin f(x)
y = cos f(x)
y = tan f(x)
y= e/
y=1Inf(x)
y=al®

y=log, f(x)

y=sin™! £(x)
y=cos™ f(x)
y = tan™' £(x)

Derivative

ﬂ_ ’ . n—1
= nf DS 0]
dy dv du

dy dy du
dx du dx
du dv
V— —u—
ﬁ: dx dx
dx 2
d ,
== (x) cos f(x)
dx
d oo
2 — _f(x)sin £(x)
dx

D _ pr(x)sec £(x)
dx
L e

dy /(%)

dx  f(x)

L~ (ina) £/ (x)a’ )
dx

dy_ S
dx (Ina)f(x)

dy S

dx ’l —[f(x)]2
dy __ f(%)

dx ,‘1_[f(x)]2
dy _ f'(x)

dx 1+ [ ()]

Integral Calculus

’ I _L ' x n+1 c
If(x)[f(x)] dx=—= /()] +c
where n # -1

J(x)sin f(x)dx =—cos f(x)+c¢

i

J(x)cos f(x)dx =sin f(x)+c

-~

F/(x)sec? f(x)dx = tan f(x)+c

-

F(x)e’Wdx =/ o
., %dx =In| f(x)|+¢
( . S(x)
F(x)a" M dx = ¢ +c
J Ina
F—f’(x) dx = sin_]M+c
J -Jaz—[f(.x]l]2 “
—f’(x] dx than_le)+ c
Jd? +[f(3c)]2 4 “

"
ud—‘dx =uv —Jvﬂdx

dx dx
~bh
S(x)dx
-2 @+ )2 () +

where a =x, and b =x,

+f(xn_l}]}



Combinatorics

n!
?IPr:
(n—r)!
N\ o n!
(r)_ G =

r(n—=r)

n
1

n

(x+a)”=x”+( .

]x”_]aJr--' +( }x”_’a’Jr et a”

Vectors
| =|x£'+y£'| = yJx% +y?

u-y =[u|||cos® = xx; + 3.
where u = x;i+y,j

and y=x2£+y2£

Complex Numbers

z=a+ib=r(cosf+isin6)
— !‘é’.fe
[r(cosﬂ + isin 9)]” = r"(cosn@ + isinnf)

— rnemﬁ'

Mechanics

d*x dv  dv d(l 2)
—2:—:v—:— —V
dt dt dx dx\2
xzacos(nt+a)+c
x=asin(nt + a) + ¢

i=-n*(x—c)



ANSWERS:

Further Rates

Chapter 16 review exercise

1 a 600 mm” /h.
b Eﬁmunjh (The rate is constant. }
zﬂhzrﬁ hTV:Kr:ﬁg
el =2r d ? = 4:{:5 f ?.T_Tmz-"lﬁ

log 13 80000 '™ = 459000

3bk o

!
5

Cr= ilug., 12.5, year 2036

log, 2
dbk = - ¢ 10.07% d about 201 years

302
5 a The temperature is dropping, but T — E is positive.

¢ iA=500k= -%lng,l T = 500" = 88°C
46
A = 460, k = —~log, 22,
%50

T = 40 + 460" = 105°C

6 a The population is growing, and P — M is negative.
bAsy = o0, P = M =0 =M.

ciaA

=Ly B
9500, k = - log, =
il p = 10000 — 9500 " = 3260

iii 1 = ilng, L_EJ = 01 years, year 2100.

Further Trigonometry

Chapter 17 review exercise

la-1<fix) <4
by 'x)=2c =2
c-lsxg4-4<f'x)s6

dy=1x



2ax > =1, all real ¥
bF'x)=e¢" =1
¢ Allreal v, v > =1
& Both functions are increasing.

dbxr <2
62 ' (x) =2 = X because @7 '(x) < 2.
X x T x
435 I:|E €3 d-= e |
1 1 x e r
5al h?-'T €3 - e -
/3 3
ﬁﬂT b=
7 a All real x, ¥
ERERS .
i-_ I.
a H *
]
h-2 < x <= 0, ¥
x
-t <yx} /‘?
-1
x
el =< x < 2, ¥
1 2
-t =v2D p
_.I'
-x
Bacos 20 b sin 40° ¢ tan S0°
d cos T0° e sin fur f|—= cot
tand

Mathematical Induction

Chapter 2 review exercise

93 sin 4 b cos x € cos fur
d tan 707 e cos 50° f tan Bx
4 7 1% 130 14 53
1“3; hE B-; = &T l;
12asin 30° = 1 b cos 307 = 2=
a _ x _ 1
€ tan 135% = =1 dmsz_ﬁ
I .. _ 1 I T T )
EE“HF_I thI]T—T
15h
O T P
1ﬂﬂt—:,h 3 or r;
I'.l.m:z,s—"clr':'—Jr
6 6 2
=X o
Cx= : nrl
dx=0 E,S—',JI,?—I,EI.’JI' 2
6 & L] L]
2
19a 2’, hl_rﬁ c 2’._,
I + 1~ | 1 =1~
1+ ¢ 2
d—tL ——— 1
1 == |

20 a tan 135° = =1
b sin 135° = =
e |
€ cos 1357 = =

22bii-2 + 3 = an 165°, because
1

tan 330° = —tan 30° = e
3]

23acos 34 + cos A
b sin 84 — sin 24
€ sin (534 + B) + sin (A + 38)
dcos (A + 28) — cos (34 + BB)

3an. 5, 55 485 ...
The expression is always divisible by 5.
4 b The limiting sum is |



