Name:

Year 12 2023/2024 Extension 2 Mathematics
Assessment Task 1

Investigative Assignment with Validation Task

Due Date: Tuesday

. . . 0
Task number: 1 Weighting: 20% 12/12/23

Outcomes assessed:

MEXI12-1 understands and uses different representations of numbers and functions to model,
prove results and find solutions to problems in a variety of contexts

MEX12-2 chooses appropriate strategies to construct arguments and proofs in both practical and
abstract settings

MEX12-4 uses the relationship between algebraic and geometric representations of complex
numbers and complex number techniques to prove results, model and solve problems

MEX12-7 applies various mathematical techniques and concepts to model and solve structured,
unstructured and multi-step problems

MEX12-8 communicates and justifies abstract ideas and relationships using appropriate
language, notation and logical argument

Nature and description of the task:

As a result of completing this Investigative Assignment, students should be familiar with complex
numbers including all operations, square roots, polar form and its properties, Euler’s Formula and
applications of De Moivre’s Theorem. They will also be able to solve quadratic and polynomial
equations with complex co-efficients, find the roots of unity, perform operations on the complex

plane as well as sketching curves and regions.

On Tuesday12™ December, 2023, from 8:30am to 9:30am in Room 125 you will receive a selection
of similar questions from the Preparation Activity below to complete in 1 hour in an in-class
Validation Task. You are expected to investigate/attempt each of these questions before the in-class
Validation Task. The final mark for this assessment will be the mark you receive on the in-class
Validation task. NOTE: You will not have access to the Preparation Activity during the Validation
Task.

Non-Completion of Task:

If you know you are going to be away on the day of the Validation Task and are unable to hand in /
complete both parts of the Assignment on the due day, then you must have supportive
documentation. Zero marks will apply if the Assessment Task is submitted/completed late, unless an
lliness/ Misadventure or Application for Extension form has been submitted.




Part 1 Preparation Activity — investigate/attempt each of the following
questions in preparation for the in-class Validation Task.

Complex Numbers I:

1. fz=3—i and w = 17 + &, find:

(a) 62— (b) 2° (¢) =
2. Write as a product of two complex linear factors.
(a) z* + 100 (b) 2* + 10z + 34
3. Solve each quadratic equation for =.
(a) 2 —82+25=0 (b) 162 +162+13=0
4. Find the square roots of:
(a) 5—12i (b) 7+ 6v2i
5. Solve for 2
(a) 22 =52+ (T+i)=0 (b) 22 —(6+i)z+(14+8) =0

6. If 3i is a zero of a polynomial P(z) with real coefficients, explain why 2" 4+ 9 is a factor
of P(z).
7. It is known that 2 + 5i is a zero of the polynomial P(z) = 2z — 827 + 452 — 116.
(a) Why is 2 — 5i also a zero of P(z)7
(k) Use the sum of the zeroes to find the third zero of F(z).
ic) Hence write P(z) as a product of two factors with real coefficients.

8. Express each complex number in modulus-argument form.

(a) 1—i (b) —3v3 4+ 3
9. Express each complex number in Cartesian form.
(a) deisZ (b) VBeis(—3=
10. Simplify:
o e - 10cis 108 a3
(a) 2cis T x eis (b ol (e) (3cisda)

11. Sketch the graph in the complex plane represented by the equation:

(a) |z—2i| =2 (c) arg(z+2)=—%
z—1 by
(b) |2] = |z — 2 — 2i (d) arg (m) =z

12, Shade the region in the complex plane that simultaneously satisfies |z| > 1, Re(z) < 2
and —% <argz < 7.

13. Suppose that z = —1 + v3i and w =1+ i.
. z .
(a) Find — in the form a + ib, where a and b are real.
w
(b) Write z and w in modulus-argument form.

-
-

(¢) Hence write — in modulus-argument form.

w
S \/E — ﬁ
(d) Deduce that cos 35 = —



14.

15.

16.

17.

18.

19.

20.

21.

22,

Sketch the graph specified by the equation:
(a) 2Z2=2+7F (b) T =iz (e) |z+2|=2|z—4|
A triangle PQR in the complex plane is isosceles, with 2P = 90°. The points P and @

represent the complex numbers 4 — 2i and 7 + 3i respectively. It is also known that the
points P, @ and R are in anticlockwise order. Find the complex numbers represented by:

(a) the vector PQ, (b) the vector PR, (¢) the point R.

If 2y =4—1i and 2z, = 2i, find in each case the two possible values of z3 so that the points
representing zi, ze and z3 form an isosceles right-angled triangle with the right-angle at:
(a) =1 (b) z2

In an Argand diagram, O is the origin and the points PP and @ represent the complex
numbers z; and zy respectively.

If triangle OPQ) is equilateral, prove that 212+ 202 = 2129.

If z; = 2cis{5 and z; = 2i, find:
(a) arg(z1 + 22) (b) arg(z2 — z1)
If z; and zp are complex numbers such that |z;| = |23, prove that

arg(z122) = arg ((z1 + z?)g) '

. 22 -1 .
If z = cis#, show that - - itané.
z=+1

. 1 . .
The points A, B, C' and O represent the numbers z, =, 1 and 0 respectively in the complex
2
plane. Given that 0 < argz < £, prove that ZOAC = LOCB.
(a) By drawing a suitable diagram, prove the triangle inequality |z; — 22| = |z;| — |z2].

. : . 4
(b) Hence find the maximum value of |z| given that |z — =] = 2.
Z




Complex Numbers Il — De Moivre and Euler:

1.

7.

11.

12.

Simplify:
(a) (cos@ + isinf)?(cos 26 + isin 26)2 b (cos® +isinf)*
(cosf —isinf)
.=x\3
—i%
Evaluate (%)

(%)
a) Write 1 — 7 in mod-arg form.
b) Hence find (1 — i)13 in Cartesian form.
a) Use de Moivre's theorem to evaluate (V3 + i)' + (V3 — i)'
b) If n is a positive integer:
(i) prove that (v/3 + i)™ + (V3 — i)™ is real,
(ii) determine the values of n for which (V3 + i)™ + (V3 —i)" is rational.

(
(
(
(

(a) Use de Moivre's theorem to find cos 66 and sin 66 in terms of powers of cos # and sind.
2t (3 — 10¢* + 3t*)
1 — 1562 + 15t* — %7

1* n*
(a) Expand (z+:) and (z— ;) .

(b) By letting z = cos@ + isin#, prove that cos* # + sin® § = %{co.t. 46 + 3).

(b) Hence show that tanGf = where t = tan .

Suppose that w is a complex cube root of —1.
(a) Show that the other complex root is —w®.

(b) Evaluate (6w + 1)(6w” — 1).

Solve the equation 2* — 8i = 0, writing the roots in the form re'.
Find, in mod-arg form:

(a) the three cube roots of 2 + 21, (b) the six sixth roots of i.
Suppose that z = 4v/3¢'™/3 — 4¢57/6,

(a) Simplify z, writing your answer in exponential form.

2 . 3
(b) Show that %-I- i (i) + (i) = 2i.

(¢) Find the three cube roots of 2 in exponential form.

a) Show that (z —271)7 = (27 —277) = 7(2% — 27%) + 21(2% — 273) - 35(z — z71).
) If z = cosf + isiné, show that z — 27" = 2isin# and that (z" — z™") = 2i sinnf.
(¢) Hence prove that sin” § = = (35sinf — 21 sin 360 + 7sin 560 — sin 76).

)

Find f (35sin6 — 64sin” 6) dé.

) Use de Moivre’s theorem to prove that cos 50 = 16 cos® # — 20 cos® 8 + 5 cos 6.

) Hence solve the equation 16z* — 20x% + 5 = 0, giving the roots in trigonometric form.
(¢) Show that cos {5 cos 35 = 4

) If u =22% — 1, show that 4u® —2u—1=0.

)

Deduce the exact value of cos %



13. (a) Derive the exponential forms of cos # and sin# given in Box 7.
(b) Use these results to verify each trigonometric identity.
(i) 2cos?@ =1+ cos20 (iil) cos(a — J) = cosacos 3 + sinasin 3
(ii) 2sin®6 = 1 — cos 260 (iv) sin{a — 3) = sinevcos § — cos axsin 3
14, (a) Find the seven seventh roots of —1 in mod-arg form.
(b) Hence show that:
(i) cos%+cm;37” +cosE =4
(i) 2’ +1=(z+1) {::2 —2zcos ¥ + 1] (z —2zcos 4E 4 1} (zg - chos‘r’% + 1]
(iii) 2% — 2% + 2% — 23 + 22 —z+1
:(22—22005%—}—1)( — 9zcos 2& +1] (z — 922 cos 3& —|—1)
(c) Divide both sides of the identity in (h){m) by z*, and heru:e show that:

2cos30 —2cos20 + 2cosf —1=8 [cosﬁ— L'os%] (EOSB—CDSST“) (cosﬁ'—cos‘r’T“)

15, (a) Find the fifth roots of unity in exponential form.
(b) Let «v be the complex fifth root of unity with the smallest positive argument, and
suppose that u = a + at and v = o + o,
(i) Find the values of u + v and u — v.

(i) Deduce that cos 2 = %(ﬁ - 1),

16. Let z = cosfl +isinfl and suppose that n is a positive integer.

(a) Show that 2" + 27" = 2cosnd.

(b) Prove that 2 cos Asin B = sin (A + B) — sin (.»‘-‘l - B).

(¢) Hence show that (z*" + 2**7% + 22"~ 4 ...+ 27%") sinf = sin (2n + 1) 6.

(d) Use the previous part and the result cos 34 = 4 cos® A — 3 cos A to prove the identity:
sin 76

8cos® 20 + dcos? 20 — dcos20 — 1 = —
sinf

17. Use the exponential forms of cos# and siné given in Box 7 to verify that

a—3

sina —sin @ = 2tt:qif--ml ==

18. Suppose that n is an integer greater than 2 and w is an nth root of unity, where w # 1.
(a) By expanding the left-hand side, show that

(1+2w+3®+4 + - ") (w—1) =n.

1 z~1
(b) Using the identity — T= —, or otherwise, prove that
2% — z—2z
1 ~ cosf) —isinf
cos20 +isin2f — 1 2isinf

. . 1
(¢) Hence, if w = cos 2= + isin 2, find the real part of -
w

d) Deduce that 1 +2cos2ZE + 3cos & + 4cos &E + 5 r'(».”—“ =3,
3

(e) By expressing the left- 11.111(1 side nf the I'f.‘hlllt in part (11;) in terms of cos £ and cos 2Z
find the exact value of cos £.

Box 7 - Exponential Forms of Sin and Cos:

THE EXPONENTIAL FORMS OF SIN AND €0S:  Euler’s formula can be used to write these
functions in exponential form. They are:

cosf = % {P +e fﬂ] and sinf = % (em - e_iﬂ)




Mathematics Advanced
Mathematics Extension 1

Mathematics Extension 2

REFERENCE SHEET
Measurement Financial Mathematics
Length A= P(] + r)
6
| = ——=X2nar
360 _
Sequences and series
Area
A = % 772 Tn=a+(n—'l](z'
360
h S, =—2a+(n-1)d| ="(a+1)
Surface area T = ar™”!
_ 2
A =2nr°+ 2nrh a[]—r”) a[r”—])
A = 4nr? S, = —r - , r#l
Volume a
1 S= |r|<1
V=—Ah —r
3
V= is’rr3
3
Functions Logarithmic and Exponential Functions
‘= —b++b* —4ac log,a*=x= a'%8*
2a
log,x
3 5 log, x=
For ax” + bx“+cx +d = 0: log,a
b
Q"-{-ﬁ-{-}’——z af = eXlna
c
ap+ay+fy=-
and affy = —%
Relations

(x — h)z + (y — k)z =r?



Trigonometric Functions

Ssind = %, COSA = a—dJ tan A m
hyp hyp adj
1
A =—absinC o
2 JE 45
a b c
= = 450 n
sinA  sinB  sinC 1
¢? = a*+b* —2abcos C
2 2 2
a+b"—c
osC=———— o
cos Y 30
2
[=r0
A= %rze /60°
1

Trigonometric identities

secA = ,cosA =0
cosA
cosecA = _1 ,sinA #0
sin A
cotA = CE“A, sindA #0
sinA

cos”x + sin’x = 1
Compound angles
sin(A + B) = sinA cos B + cos Asin B

cos(A + B) = cosAcos B — sinAsin B

lan(A+B)= tanA + tan B

l—tanAtan B

If t:tani then sinA = 2
2 1+
1_ 2

COosA = !
1+ ¢

tanA = 2
| — 2

1
cosAcos B = E[COS(A — B) +cos(A + B)]

sinAsin B = %[cos(ﬂ —B) —cos(A + B)]
sinAcos B = %[sin(A + B) +sin(A - B)]

cosAsinB = %[s‘m(A + B) —sin(A — B)]

sin®nx = %(1 — cos 2nx)

1
cos’nx = 5(] + cos 2nx)

Statistical Analysis

An outlier is a score

or

more than Q, + 1.5 X IOR

Normal distribution

/

/0

\

o less than O, — 1.5 X IQR

—|3 —|2 —ll 0 ]
* approximately 68% of scores have
z-scores between —1 and 1
* approximately 95% of scores have
zZ-scores between —2 and 2
* approximately 99.7% of scores have
z-scores between —3 and 3

E(X)=u

Var(X) = E[(X —p)*| = E(X?) — 1

Probability
P(ANB)=P(A)P(B)
P(AUB)=P(A)+ P(B)—P(ANB)
P(ANB)

P(B)

Continuous random variables

P(A|B) = ,P(B)#0

X

P(X <x) =J S(x)dx

a

b

Pla<X<b)= J’ Sf(x)dx

a

Binomial distribution
P(X=r)="Cp'(1-p)""”
X ~ Bin(n, p)
= P(X=x)

= (;]px(l —p) N x=0,1,...,n
E(X)=np
Var(X) = np(1-p)



Differential Calculus Integral Calculus
Function Derivative . 1 .
) Jf’(x)[f(x)] dv=——[ /()] " e
y — n i_ ’ . n—1
y=/t) dx nf (/)] where n # —1
e dy _ v du
Y= dx  Vdx | dx Jf’(x)sinj'(x)dx =—cos f(x)+c
y = g(u) where u= f(x) j—i:%xj—i
Jf’(x)cosf(x)dx =sin f(x)+c
du dv
V——u—
_u dy  dx dx
y= v d_x = T -
S'(x)sec? £(x)dx = tan f(x) + ¢
y = sin/(x) L ) cos £(x)
d F(x)e’Wax =/ 4o
y = cos /(x) = =~/"(x)sin f(x) J
y = tan f(x) j—i = f/(x)sec? f(x) J%a’x = ]n|f(x)| +¢
/() Y _ (el )
y=e —=f'(x)e " _ f(x)
dx F(x)a’ P dx = 4 +c
J Ina
y=Inf(x) 2L
e )
——————dx =sin" ——+¢
y=a’™ %z{lna]f’{x)am) J V'“z—[f(x)]z ¢
- dy __ /(%) [ /() L /()
-1 @ __J X _1 o .
y=log, /(x) dx  (na) /() 1= +[f(x)]2 dx=—tan™ = —~+c
y=sin"! £(x) ﬂ=& N
dx \ l—[f(x)}z uﬂdx = uv—Jvﬂdx
J dx dx
y=cos™! f(x) j—y S = ,
X 1—
L7 J Sf(x)dx
_ dy S(x) ‘
y = tan” /(x) o_ S0 .
1+ [f(x)] = =2 @)+ £ B)+ 2 S () + o+ £ (3,0}

where a =x, and b =x,



Combinatorics

n!
PIPr:
(n—r]!
n\_n.__ nl
(r]_ G =

r(n—r)!

n

(x+a)”=x”+[1

- N\ p—
]x“ ]a+---+[ ]x” a"+ -

Vectors
|Lj|=|x£+yii| = /x? +y2

u-v =[ul|v[cosd = xx, +57,.
where u = x;i +y,j

and g=x2£+y2£'

r=atAb

Complex Numbers

z=a+ib=r(cos@+isinf)
= .ré’.!-e
[r[cos@ +isin 9)]” = r*(cos n@ + isinnf)

— rnem{?

Mechanics

d*>x dv  dv cf(l g)
—m = =V—=—=V
dt= dt dx dx\2
x=acos(nt+a’)+{:
x=asin(nt + a) + ¢

x= —nz(x -c)



Complex Numbers I:

Review Exercise 1H (Page 53)
(b} 18 — 26¢
2%a) (2 + 10i)(z — 104)

lfa) 1 — 5

3a) zx=4+Fiord—3i (b) a=—%+%inr—

<) 5+ 24
) (2+5—3i){z+ 5+ 3i)

afa) +(3-28) M) +(3+v2i)
Sa :=2+10r3—1

1_ 3,
5T

b z=24+3iord— 2

6 3i = —3iisalso azero, so (2—3i)(z+3i) = 2+9
is a factor.
7la) The coefficients of P(z) are real.
i P(z) = (z—4)(z* — 4z +29)
8la) vZcis(—Z) (b} GeisiT
o) 4i (b)) —3 — 3i

10a) Geis 2= (b) 2cis58 (o) Dcisba

11a) ¥ (b}
4
2
> X
ic) ¥ {d}
_i\ T
3
12 e .
[ o
h o x

i

N
b

{b) 4

J242i

JI

N, *
y=2-x

A

-

13@) $(V3I—1)+3(V3+1)i ) z=2cis3E and
W= ﬁnis% ic) !.-"EEiH'-:—;

14(a)

(b}

-}.'H -}I
\I/E ’ N : 1
-1} -2




(c) Ve

AL

15a) 3+5i () —5+3i (o —1+1i
6@ 1—5i. 7T+3 ) 3+6i —3-—24
18a) 2 (b ZF

21 Use similar triangles.

2(b) 5+ 1

=Y ]

Complex Numbers Il — De Moivre and Euler:

Review Exercise 3F (Page 123)

lia) cisTH# (b} cis G

2 —1

Ma) V2cis (—F) (b) —64 + 64i

4(a) 2 m)ii) n is even or a multiple of 3

Sla) cos® 6—15cos® #sin® #+15 cos” #sin® #—sin® 4,
6 cos™ @ sin # — 20 cos® @sin? @ + G cos f sin® @

Gla) 2? + 422 +6+42"2 4274,

Py P P

Tib) —43

8 z = 2e "7/ 2e'™/8 9g5in/E

a) V2cis £F for k= —7,1,9

(b} cis £2 for k= —11,-7,-3.1,5,9

10(a) Se™/® (g 261118 gin/18 o 13ix/18
1) —Tecos38 + £ cosif — LeosTH + C ~
12(b) T = COS 15, ms%ms%ms% () _\;_-:‘.,._1
14(a) cis “?’" for k= -5,-3,-1,1,3.5.7

15(a) €% for k = —4.-2.0.2,4 ()i —1 and

31

W —2 (@) LS



